Abstract. Consider a smooth projective surface S. Consider a fibration S → C where C is a quasi-projective curve such the fibers are smooth projective curves. The aim of this text is to show that the kernels of the push-forward homomorphism {j t * } t∈C from the Jacobian J(C t ) to A 0 (S) forms a family in the sense that it is a countable union of translates of an abelian scheme over C sitting inside the Jacobian scheme J → C, such that the fiber of this countable union at t is the kernel of j t * .
Introduction
In the paper [BG] the author studies the following problem. Let S be a complex projective smooth surface embedded in P N . Let C t be a smooth hyperplane section of S and j t denote the closed embedding of C t into S. Then j t induces a push-forward homomorphism j t * from A 0 (C t ) to A 0 (S), where A 0 is the group of algebraically trivial zero cycles modulo rational equivalence on the ambient variety. The question is what is the kernel of this homomorphism? The answer as present in the paper [BG] tells us that if the geometric genus of the surface is greater than zero and the irregularity of the surface is zero then the kernel for a very general t is countable.
The main method used in proving this is the technique due to Roitman as present in [R] , saying that the natural map from the symmetric powers of a surface to the Chow group of zero cycles on the surface has its fibers equal to a countable union of Zariski closed subsets. This leads to the fact that the kernel of j t * is a countable union of translates of an abelian variety in J(C t ), where J(C t ) is the Jacobian variety of C t . Then since we are working with a complete linear system of curves on S, the presence of monodromy assures the simplicity of J(C t ). This leads to the fact that j t * is either zero or its kernel is countable. Finally the fact that the geometric genus of the surface is greater than zero eliminates the first possibility.
The question in this paper is what happens to the kernels of j t * when t varies. That is can we prove that either the kernel is countable for any t such that C t is smooth or j t * is zero for any t. That is the kernel varies in a family in a nice algebro-geometric way.
In this paper we answer this question: that is when we consider a very ample line bundle on a complex smooth projective surface, then the kernel of j t * varies in a family in the following sense: There exists a countable collection of Zariski closed subsets in the relative Jacobian scheme (the family of Jacobians of the smooth projective curves C t 's where t varies), such that a unique one of them is an abelian scheme say A. Moreover the fibers of the scheme A at t is the abelian variety whose translates gives rise to ker(j t * ). This is done by generalizing the approach present in [R] . Then due to [Vo] the presence of monodromy ensures that A is either trivial or all of the Jacobian scheme, giving affirmative answer to our question. In the case of triviality a nice argument due to Voisin present in [Vo] [theorem 7.22] tell us that the kernel is actually torsion. This applies to the case of K3 surfaces and we derive the main result of the paper:
Consider a t in P N such that the corresponding fiber C t in S is smooth. Suppose that the abelian variety A t is trivial and hence the kernel of j t * is countable. Then the kernel of j t * is torsion.
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Family of gysin kernels
Let S be a smooth projective surface fibered into smooth curves over a quasi-projective curve C. Let for t ∈ C, C t be the fiber over t and j t be the closed embedding of C t in S. Then we can consider the pushforward homomorphism j t * from A 0 (C t ) to A 0 (S), where A 0 denote the group of algebraically trivial zero cycles modulo rational equivalence on the ambient variety. By the Abel-Jacobi theorem A 0 (C t ) is isomorphic to the Jacobian J(C t ). Since the curves C t is smooth for every t, we can consider the family of Jacobians over C, call it J. Then consider the following subset of J:
Then it is immediate that R t is nothing but kernel of j t * . So R is the family of the kernels of the push-forward homomorphisms j t * , as t varies over C.
We claim that:
Theorem 2.1. R is a countable union of Zariski closed subschemes of J.
Proof. So let us consider the relation that
g C t such that its push-forward under j t * is rationally equivalent to zero on S. That means that there exists f :
In other words we have the following map ev :
(S/C) (this is the product of relative symmetric powers of S over C) given by (t, z 1 , z 2 ), such that (z 1 , z 2 ) belongs to
Then we can write the fiber product V of Hom
(S/C), then we get that A and B are supported on C t , and their push-forward are rationally equivalent on S. Conversely if A, B are supported on C t and their push-forward rationally equivalent on S, then we have f :
where C, D are supported on S. This analysis says that the image of the projection from V to Sym
consisting of tuples (t, A, B) such that A, B are supported on C t and there exists f :
, where f is of degree v and C, D are supported on S and they are co-dimension p and degree u cycles. So it means that
For that we prove the following,
It means that (t, A, B) belong to W 
here (A, B) belongs to Sym d+u,d+u C t . Compose f with the projections to Sym d+u (S) and to Sym u (S), then we have g in Hom
and we have that the image of A, B are contained in the symmetric power of C t . So we have
Therefore we have that
Then we prove that the closure of W t, A, B) . Let U be an affine neighborhood of (t, A, B) such that U ∩ W is non-empty. Then there is an irreducible curve C in U passing through (t, A, B). LetC be the Zariski closure of C inW . Consider the map
given by
Consider their fibered product, its image under the projection to second, third and fourth co-ordinate is W 0,v d . Let us choose a curve T in U the fibered product, such that the closure of e(T ) isC. Consider the normalization T of the Zariski closure of T . Let T 0 be the pre-image of T in the normalization. Now the regular morphism T 0 → T →C extends to a regular morphism from T toC. Now let (f, t, A, B) be a pre-image of (t, A, B). Then we have f (0) = j t * (A); , f (∞) = j t * (B). Therefore the push-forward of A, B are rationally equivalent. Theorem 2.2. For every t, the kernel of j t * is a countable union of translates of an abelian variety.
Proof. Follows from [BG] [proposition 6].
So we have that R t is a countable union of translates of an abelian variety A t for all t.
Theorem 2.3. Consider the family O of zero cycles supported on J, given by O = {(t, z)|z ∈ J(C t ), z = 0 .} Then through this family admits a morphism to a unique component of R, which is an abelian scheme.
Proof. Suppose that there passes m-many components of R which admits a morphism from the family of elements O mentioned above. Call them R 1 , · · · , R m . So given any t ∈ C, we have R it passes through the trivial element O t in J(C t ) for all i. So in particular for the generic point η of C. Therefore we have that i R iη is contained in the kernel of j η * and it contains R iη for all i. This is impossible by the irredundancy of the decomposition of R. Therefore there exists a unique R 0 , whose generic fiber passes through the zero in J(C η ). Hence R 0 admits a morphism from the family of elements O given above and it is the unique one with this property. Following the argument in [BG] , we can prove that R 0η is an abelian variety. Now we prove that R 0 is an abelian scheme. For that we have to prove that R 0 is a group scheme over C. We have J an abelian scheme. So there exist a group operation µ : J × C J → J. Restrict this operation to R 0 × C R 0 . Then the image of this restriction map is a Zariski closed subscheme of J, admitting a map from the family O and also it is contained in R. Because R is closed under the operation µ. Since the ground field k is uncountable, there exists a unique component R i , of R, which contains the image. Also R i should admit a morphism from O. Hence by uniqueness of R 0 , we have that R i = R 0 . Therefore the image of µ from R 0 × C R 0 , is in R 0 . Consider the inverse map i : J → J. We have to prove that R 0 is closed under i. Consider the image i(R 0 ), this admits a morphism from O, hence it must land inside R 0 , by the uniqueness. So we have that R 0 is an abelian scheme. Also R 0,t , therefore is an abelian variety passing through the trivial element of J(C t ), hence by uniqueness it is the abelian variety A t , whose translates cover ker(j t * ).
Application of the above result in presence of monodromy
Consider the following situation. We have a smooth projective surface S over the field of complex numbers which is embedded in some P N . Then consider a Lefschetz pencil on S. That is we have a fibration S → P 1 , with the singular fibers having atmost one ordinary double point. Then consider the Zariski open set U = P 1 \ 0 1 , · · · , 0 m , where 0 i 's corresponds to the singular fibers. We have the family
where C t is the smooth fiber over t ∈ U. Then we have the monodromy action of π 1 (U, 0), 0 fixed in U, on the vanishing cohomology ker(j t * :
Now consider the kernel of the push-forward j t * in a family. Then by the above we have an abelian scheme A ⊂ J over U. Infact A ⊂ A van , where A van is the abelian scheme corresponding to the variation of Hodge structures given by
By the equivalence of variations of Hodge structures of weight one and abelian schemes, A corresponds to a sub-variation of Hodge structures H in H van , which gives rise to a local system, contradicting the irreducibility of the local system H van . Therefore A is either trivial or all of A van . In particular when the irregularity of the surface is zero, then A is either trivial or all of J. So we prove that for any t in P N * such that C t is smooth we have A t = 0 or J(C t ) and moreover it happens in a family: meaning that: Proposition 3.1. For all smooth fibers C t , A t is zero or for all smooth fibers C t , A t is J(C t ).
It is interesting when the abelian variety A t is trivial for all t, such that C t is smooth. This is because in this case the trivial abelian variety comes from the trivial abelian subscheme of J. So it corresponds to a global section of the local system H 1 (C t , C)/H 1 (C t , Z). Since this local system has the action of π 1 (U, t), where U is the set in P N * parametrising smooth hyperplane sections of S. Let β be such a section. Then for γ in π 1 (U, t), we have that ρ(γ)(β) is again in H 1 (C t , C)/H 1 (C t , Z). This means that for a lift β of β to H 1 (C t , C) we have ρ(γ)( β) − β ∈ H 1 (C t , Z) .
By the Picard-Lefschetz formula the action of ρ on Aut(H 1 (C t , C)) is given by ρ(γ i )( β) = β ± β, δ i δ i where γ i 's are the generators of the group π 1 (U, t) and δ i is the corresponding vanishing cycle. Then by the above we have that β, δ i δ i is in H 1 (C t , Z). Therefore β, δ i is in Z, hence in Q. Therefore β is in H 1 (C t , Q), as the vanishing cycles generate H 1 (C t , Q). Therefore β is torsion. Consider the case when the abelian scheme A is trivial. Then all the elements in ker(j t * ) corresponds to a global section of the local system H 1 (C t , C)/H 1 (C t , Z). So we have that the kernel of j t * is torsion for a general t. So we proved the following theorem:
Theorem 3.2. Consider a t in U, such that the corresponding fiber C t in S is smooth. Suppose that the abelian variety A t is trivial and hence the kernel of j t * is countable. Then the kernel of j t * is torsion.
Corollary 3.3. Consider a hyperplane section of a K3 surface which is smooth. Then the corresponding Gysin kernel is torsion.
